Abstract-The collapse mode of operation of capacitive micromachined ultrasonic transducers (CMUTs) was shown to be a very effective way to achieve high output pressures. However, no accurate analytical or equivalent circuit model exists for understanding the mechanics and limits of the collapse mode. In this work, we develop an equivalent nonlinear electrical circuit that can accurately simulate the mechanical behavior of a CMUT with given dimensions and mechanical parameters under any large or small signal electrical excitation, including the collapse mode. The static and dynamic deflections of a plate predicted from the model are compared with finite element simulations. The equivalent circuit model can estimate the static deflection and transient behavior of a CMUT plate to within 5% accuracy. The circuit model is in good agreement with experimental results of pulse excitation applied to fabricated CMUTs. The model is suitable as a powerful design and optimization tool for collapsed and uncollapsed CMUTs.
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I. Introduction c apacitive micromachined ultrasonic transducers (cMUTs) were introduced [1] as micromachined suspended plate structures with a moving top electrode and a rigid substrate electrode. When immersed in a liquid medium, cMUTs are capable of generating wideband acoustical pulses with more than 100% fractional bandwidth [2] . However, many applications require high transmitted pressures for increased penetration and signal quality. The power output capability of cMUTs can be increased by utilizing the collapsed state of the plates [3] [4] [5] .
accurate and fast simulation methods are necessary for understanding cMUT dynamics and for designing high-performance cMUTs. cMUT models are based either on finite element method (FEM) models [6] , [7] or on equivalent circuits [8] [9] [10] [11] . FEM simulations require long simulation times for accurate results. This makes them relatively inconvenient for design and optimization purposes. on the other hand, parametric electrical equivalent circuits [10] [11] [12] based on Mason's model [13] are more suitable for design purposes. In recent years, the efforts to model the nonlinear behavior of cMUTs under large excitations [8] , [14] , [15] have increased. However, all of those models are valid only for the uncollapsed state. The collapse mode of a cMUT plate has been explored only with experiments [3] [4] [5] and simulations performed by FEM [5] , [16] , [17] . cMUTs in the collapsed state lack fast and accurate equivalent circuit models.
In this work, we develop an electrical equivalent circuit model that can be used to simulate the mechanical behavior of a transmitting cMUT under any electrical excitation. The model is dependent on plate dimensions and mechanical properties and it can predict the plate movement in the collapsed state as well as in the uncollapsed state. The simulation results of the circuit for static and dynamic deflections are compared with electrostatic and transient FEM simulation results. acoustical pressure generated at the surface of a cMUT plate under a large pulse excitation is calculated by the circuit model and compared with transient FEM simulation and experimental results performed on fabricated cMUTs.
II. static deflection of a cMUT cMUTs usually have two electrodes: a top electrode in the plate and a bottom electrode in the substrate. as an electric potential is applied between the top electrode and the bottom electrode, the plate deflects because of the electrostatic forces, resulting in a transmission of a pressure wave to the immersion medium. It has been demonstrated in previous studies [3] , [4] that the collapse mode drastically increases the pressure amplitude. More recently, it has been shown [5] that for the highest pressure generation, full electrode coverage is necessary. Using a full electrode, more force can be generated than the force generated by partial electrode coverage for the same applied voltage. In this paper, we assume that the electrodes have full coverage over the plate region. a cross-sectional view of a collapsed plate is illustrated in Fig. 1 , establishing our notation.
We use the rms displacement, x rms (t), 
rather than the average displacement, x avg ,
of the plate as the lumped displacement measure, where x(r, t) signifies the plate displacement as a function of radial distance and time. The choice of x rms as the lumped displacement measure requires a correction on the definition of a lumped force acting on the plate. The correction is performed by dividing the total force integrated over the plate by a profile-dependent factor, κ. a justification of this correction factor is given in appendix a. For the uncollapsed state, the value of κ was calculated in [15] 
where γ 0 is a coefficient that depends on plate dimensions. The deflection of a circular clamped plate under uniform pressure can be calculated using the equations given by Timoshenko [18] and for the boundary conditions given in [5] for both uncollapsed and collapsed states. For convenience, these equations are repeated in appendix B. The given equations are valid as long as the forces acting on the plate are uniformly distributed over the surface and the amount of deflection does not cause stress stiffening of the cMUT plate (i.e., deflection-to-thickness ratio less than 20%) [19] , [20] . Because the separation of the electrodes is not constant throughout the cavity, the electrostatic force on a cMUT plate is not uniformly distributed, making the derivation of an analytical expression for plate deflection very difficult, if not impossible.
at this point, we make the assumption that the deflection profile caused by the nonuniform attraction force of an applied voltage can be approximated by the deflection caused by a uniform pressure, P with the same total force. We will show that this is a good assumption even in the collapse mode when the attraction force is highly nonuniform. Because the force caused by the uniform pressure is balanced by the mechanical restoring force of the plate, we can express the lumped restoring force F r in terms of P by including the correction factor κ as
With a given applied pressure P, the deflection profile, and hence x rms , can be estimated [5] . F r is plotted in Fig.  2 as a function of x rms . It is a linear function in the uncollapsed region, but it becomes highly nonlinear in the collapsed region. The lumped electrical attraction force, F e , generated by an applied voltage, V in , can be determined in terms of x rms by using the formulations in [14] and [15] as follows:
where C is the capacitance between the two electrodes as a function of x rms . F e is not only nonlinear, but is also discontinuous at the point where the plate touches the substrate, because there is a sudden change in the derivative of C at that point. The calculated F e (x rms ) for different voltages are also plotted in Fig. 2 as dashed curves. although a closed form expression of deflection as a function of applied voltage cannot be determined, a nu- Fig. 1 . cross-sectional view of a collapsed clamped circular plate with radius a, thickness t m , and gap height of t g . The top electrode is at a distance t i above from the gap. b is the contact radius. The bottom electrode is assumed to be at the top of the substrate. merical solution is possible by determining the intersection of the nonlinear electrostatic attraction and mechanical restoring force curves. The intersection points in Fig.  2 give the static equilibrium displacement points. In Fig.  3 , the profiles calculated by the proposed method are compared with the profiles obtained by electrostatic FEM simulations for different bias values; the good agreement justifies the assumption we made previously. We note that the effect of atmospheric pressure can be included by adding a constant force term on top of the electrostatic attraction force.
We show the restoring and attraction forces around the collapse point in more detail in Fig. 4 for a cMUT with different dimensions. as the applied voltage is increased from 31 to 45 V, the static displacement follows the intersection points, 1, 2, 3, 4, and 8. We note that at 42 V, the electrical and restoring force curves are tangential to each other. The intersection points signified by squares are the unstable solutions of the plate displacement. on the other hand, if we reduce the voltage starting from 45 toward 31 V, the static equilibrium displacement will follow the points, 8, 7, 6, 5, and 1, demonstrating the well known hysteretic behavior of cMUTs. our model predicts the collapse and snap-back voltages as 42 and 33 V, whereas FEM simulations predict the same voltages as 42 and 29 V, respectively. The difference in the value of the snapback voltage is attributed to the variation in the plate profile around the snap-back point, because we always use the profiles generated by a uniformly distributed load.
In Fig. 5 , x rms as a function of applied voltage is shown in comparison to FEM simulation results. The error between the rms deflections and the electrostatic FEM simulation results is less than 1% except for voltages in the close vicinity of the snap-back.
In the uncollapsed state, F e (V in , x rms ) is given in [14] and repeated in appendix B-a for convenience. In the collapsed region, we fit a third-order polynomial to the nonlinear function and find coefficients α 0 , α 1 , α 2 , and α 3 . Hence, we can express F e (V in , x rms ) analytically as Eq. (18),
In the uncollapsed region, the restoring force of the plate, F r (x rms ), can be determined using (16) in appendix B-a. Because of the highly nonlinear nature of the force in the collapsed region, a tenth-order polynomial with coefficients β 0 , β 1 , β 2 , …, β 10 is necessary for a good approximation. Hence, F r (x rms ) can be written as The lumped force, F atm , generated by the atmospheric pressure, P 0 , is also a function of x rms , because the correction factor κ is a function of x rms :
III. Electrical Equivalent circuit
The dynamic problem can be solved by modeling the mass of the plate and the loading of the immersion medium as electrical circuit components similar to Mason's equivalent circuit model [10] , [13] . The equivalence between mechanical variables and electrical variables can be established as detailed in Table I . Here, the velocity becomes current, the displacement becomes charge, and the forces are modeled by voltage sources. The equivalent circuit is shown in Fig. 6 .
In this circuit, the mass, m, of the plate is represented by a series inductor, L m with a value equal to the mass of the plate [15] :
where ρ is the density of the plate material. The loading of the immersion medium can be modeled with a radiation impedance, Z r . Z r of a circular cMUT plate for the uncollapsed mode was calculated previously [21] . It was shown 3 that
where λ is the wavelength in the immersion medium and ρ 0 and c are the density and the speed of sound in that medium, respectively. The condition of validity in (10) is not easily satisfied for typical cMUT cells. It was shown in [21] that for an array of cells with a total array radius, A, between λ/3 and λ, the equivalent radiation impedance for the whole array is approximately half of the value given in (10):
We do not have the Z r expression for the collapse mode cMUTs. In this work, we will assume that it can be approximated with Z r of a piston ring transducer [22] , corrected with the area ratio. Hence, we can use the expressions given previously.
IV. results
We have tested the results of our equivalent circuit model by comparing them to FEM simulations and experimental results. a description of the FEM model utilized can be found in appendix c. The material parameters used in the FEM and circuit model are given in Table  II . The equivalent circuit is simulated using the lTspice circuit simulator. 4 The coefficients of the polynomials representing the nonlinear functions of the dependent voltage sources are input to lTspice as parameters calculated externally by a parametric MaTlaB code (The MathWorks, natick, Ma). 5 
A. Comparison of the Equivalent Circuit Model to FEM
For a demonstration of the large signal capability of the circuit model, we applied electrical pulses to a cMUT with amplitudes much greater than its collapse voltage. The resulting pressure amplitudes calculated by the equivalent circuit simulations are plotted in Fig. 7 , along with the FEM simulation results. In the equivalent circuit, we use the radiation impedance expression given in (10), because in the FEM simulations we model the coupling medium by a fluid column with rigid boundaries. This is a suitable model for a plate at the center of an infinite cMUT array, when there is no lateral displacement of the fluid. The peak-to-peak amplitudes of the transmitted pressure waves are predicted within 3% and the pulse width of the prominent cycle is estimated within 5% accuracy in the worst case. during the pulse cycle, the plate is first released and then collapsed back to its initial position. Because the plate has a nonzero kinetic energy at the time it reaches its initial position, it oscillates at a high frequency for a while before it stabilizes. This behavior is predicted by the equivalent circuit model. The low-frequency oscillation seen in the FEM results, however, is a spurious oscillation as a result of rigidly defined stand regions and the lossless nature of the simulation.
The normalized transmission spectra of the cMUT for different excitations are shown in Fig. 8 . The frequency spectra of the pressure waveforms calculated by the circuit model (dashed) and the FEM (solid) are in good agreement, especially at the low-frequency end. The error of the equivalent circuit simulation results in the lower-frequency end of the 3-dB bandwidth is less than 5%, whereas the error is less than 6% for the high-frequency end. The bandwidth and the center frequency of the generated acoustic pulse is also predicted by the equivalent circuit simulations within 6%. note that the error is smaller when the excitation amplitude is smaller. We believe that the error is due to the highly nonlinear nature of the collapsed cMUT.
The developed equivalent circuit model gives information about the plate movement as well. We can extract the information such as the contact radius, b, of a collapsed plate during a pulse cycle. The variation of b as a function of time is plotted in Fig. 9 , when the plate is excited with large electrical signals. as seen in the figure, the plate does not lose contact with the substrate during the short pulse cycle, even though the input voltage is decreased to 0 V. Even so, more than 7 MPa peak-to-peak radiated pressure at the surface of the cMUT is possible using a 200 V pulse. If the duration of the pulse is increased, eventually the plate is released from the contact. The variation of the contact radius for pulses with different widths is shown in Fig. 10 . The difference seen in the contact radii calculated by FEM and circuit model can be attributed to the assumed history-independent deflection profiles. additionally, the circuit model is a lumped parameter simulator, whereas contact radius, b is a distributed parameter heavily dependent on the deflection profile. The circuit model approximates all voltage-generated deflection profiles by uniform pressure-generated profiles, for which the contact radius is smaller (see Fig. 3 ). as a further demonstration of the electrical model, we calculate the instantaneous displacement of a plate with small gap, collapsed because of the atmospheric pressure. Pulses of different amplitudes are applied to the cMUT. a rising voltage step collapses the plate further to the substrate, increasing x rms . The falling voltage step releases the plate to its initial position. The variation of the plate displacement is calculated by FEM simulations under the same electrical excitations and the results are depicted together in Fig. 11 for comparison. The oscillation of the plate seen in the FEM results, we believe, is an artifact of FEM as a result of rigidly defined stand regions and the lossless nature of the simulation. The vibrational wave generated on the plate by high-voltage excitation propagates to the stand regions and reflects back and oscillates on the plate. This behavior can be clearly identified in the transient FEM analysis 6 of a deformed cMUT plate.
B. Deep Collapsed Mode
Using the developed model, we demonstrate the deep collapse mode of cMUTs, which was introduced in [5] . In Fig. 12 , we plotted the generated pressure under fixed amplitude (100 V) rising and falling voltage steps. Pressure generation of the same cMUT plate is depicted as a function of the gap under the plate. For gap heights larger than 420 nm, the plate does not go into the collapsed state and a pressure of 0.25 MPa is obtained. This part at the right-hand side of the figure demonstrates the conventional uncollapse mode of operation, in which the plate does not come in contact with the substrate. When the gap height is small enough to make the collapse voltage less than 100 V, the generated pressure by a falling voltage step suddenly increases. This is expected, because the amount of energy stored in a collapsed plate is larger than the energy stored in an uncollapsed plate. stored energy is radiated to the medium as a pressure wave during the falling voltage step. during the rising voltage step, on the other hand, the electrostatic attraction force generated between the electrodes is very small at first and slowly increases. Therefore, the increase in the pressure generation during the rising voltage step is somewhat slower, as seen in the figure. nevertheless, if the separation of the electrodes is small (i.e., the gap and the collapse voltage are small) the peak pressure that is generated by the cMUT plate reaches a maximum. For example, at a gap height of about 60 nm, a collapsing plate generates a pressure output of 4 MPa, demonstrating the attractiveness of the deep collapse mode. note that with such a small gap height, cMUTs have a collapse voltage less than 10 V.
C. Comparison of the Equivalent Circuit Model to Experiment
We compare the results of the equivalent circuit simulations to experimental results obtained from fabricated devices 7 in Fig. 13 . We approximate the radiation resistance by (11) , because a ≪ λ and A ≈ λ at 5 MHz. However, this assumption is valid for the uncollapsed-case cMUTs. additionally, such radiation impedance requires the cells to be placed in a closely packed hexagonal network, where the fill ratio is 90.7%. However, the tested array has 11 by 11 cells with 5 μm spacing in a rectangular grid distribution, resulting in a 67% fill ratio, and the total aperture is 0.71 × 0.71 mm. Therefore, the generated peak-to-peak pressure output is measured to be smaller when compared with circuit simulations. This difference can be attributed to the difference in the fill ratios.
We can identify a ringing at the end of the experimental acoustic pulse. The ringing, which is at 12.2 MHz, is due to the thickness ringing of the substrate. although the positive cycles of the output pressure waves are well predicted by the equivalent circuit simulations, the negative cycles are not. The difference may be attributed to the frequency-independent radiation resistance assumption.
To achieve a higher accuracy for predicting the response of a complete array, a more accurate radiation impedance model is needed. First, the radiation impedance of a single collapsed plate as a function of the contact radius or lumped displacement measure must be determined. The resulting radiation impedance of single cell must be used for the calculation of the mutual impedances between two collapsed plates. Finally, the radiation impedance of a single plate and the mutual radiation impedances must be combined to achieve the radiation impedance of a complete array of cMUT plate. This procedure was applied to uncollapsed mode cMUTs in [21] and can be used to calculate the radiation impedance seen by cMUT arrays of any size.
V. conclusions
In this work, we have developed a parametric equivalent circuit model for cMUTs. Exact analytical equations are used to determine the relation between the deflection of a cMUT plate and the forces acting on the plate. In the static case, the balancing forces are the force due to atmospheric pressure, the electrical attraction force, and the opposing restoring force of the plate. The equivalent circuit includes the effects of plate mass and the loading of the immersion medium. The simulation of the equivalent circuit can be completed much faster than FEM simulations, but the results are within 3% of each other in amplitude and 6% of each other in frequency. With an arbitrary excitation of cMUT, one can deduce the time waveform of the acoustic signal as well as the instantaneous position of the plate. The proposed equivalent circuit model is a very strong design and simulation tool for collapse-and/or uncollapsed-mode cMUTs. We note that the accuracy of the equivalent circuit can be improved by adding a more exact radiation impedance model. appendix a correction Factor, κ an equivalent circuit model of a distributed system, such as a cMUT plate, requires a consistent use of lumped variables (through and across variables). Moreover, the selection of the lumped displacement measure should not affect the kinetic and potential energies of the plate. The kinetic energy, E k , of a cMUT plate is calculated as This result shows that choosing the rms value as the lumped variable gives the correct kinetic energy of a plate. on the other hand, the stored potential energy, E p in a deflected plate by a force, F caused by a uniform pressure, P, is calculated by evaluating the following integral:
E t xr t P r r P a a rx r t r 
where the expression in the brackets is equal to x avg . If x avg is chosen as the lumped measure, the Fx product represents the potential energy correctly. Because we use x rms rather than x avg as the lumped variable, F needs to be divided by κ = x rms /x avg .
appendix B static deflection of a clamped circular Plate

A. Uncollapsed State
The expression for the deflection, x(r), of a clamped circular plate under uniform pressure, P, was derived by Timoshenko [18, p. 
Here, D is the flexural rigidity of the plate given by Etm 
Because κ = x rms /x avg = 3 5 / in the uncollapsed state [15] , we can write 
where F r is the lumped restoring force of the plate, which is corrected with respect to the rms through the variable. The capacitance, C, of a deflected cMUT in the uncollapsed state is given as 
where t g′ = t g + t i /ε r , with ε r being the relative permittivity of the insulation material. The derivative of the capacitance with respect to x rms is given in [14] as . for fluid-structure flags are enabled for coupling the structural motion as an acoustic wave in the medium. To ensure the dc stability, the transient effects are turned off in the first step and turned on at the rest of the simulation. The total duration of the simulation is fixed to 1 μs and average pressure is recorded at 1 mm above the plate surface. references
